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Deformation theory is used to model plastic deformation at the tip
of a through-crack in a thin shell. In the vicinity of the crack the shell
is subjected to both stretching and bet~ding , but stretching is assumed to
dominate. Thus the stresses are tensile, but with a non-uniform dist~ibu~
tion through the thickness, which depends on the material properties as
well, as on the geometry. The non-Linear near-tip fields (which are singular
have been analyzed asymptotically. Cracks in shallow shells and spherica~~
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shells have been investigated in some detail. It is shown tha t the angular
variations are the same as for generalized plane-stre ss plate problems .
Assuming small-scal, yielding a path-independent integral , which is val.id
in a region close to the crack edge , is used to connect the nonlinear near-tip
fields with the correspond ing singular parts of the linear fields . t : is
shown that the nonlinear behavior significantly affects the through-the-
thickness variations of the near-tip fields . The s ingular parts of the mem-
bran. stresses tend to become more uniform through the thickness of the she l
with stronger s train hardening.
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D eformat ion  theory is u... d to sodsi pia.til J.. verse ear de f o r a t t ~ n ~s iau~Lact.d . t i s ala ,
formation at the t ip of a through-crack to a thin aL~oet exclusively concerned with l ine arly elastic
shIll. In he vicinity of the crac k the shell (a helnavior . see e .g .  l e t s .  -
sub j ec ted to both st retching and bending , but 10 tht, paper small sca~. yieLdin g n.ar the edge
stretching is aLsu.ed to dominate. Thus the stressla of a through-crack to a shell I s investigated ~n thu
are t ensi le , but with a non-unifor. distribut ion bests .,f deforsation theor, with power-Isv stra in
through the thicknes s , which depends on the material hard.nin5. Thus, the strains are small , but the
properties as wel l a. on the geamatry . The non- •tre .a-uratn ral~ tton is nonlinear . tf f.ct, nt
linear near-t ip f ields (which are stugula~) have bes i transverse shear d.tor.atton sr. i.plied in the
analysed eaveptot icalty . Cracks to shallow shell s analy sis . In recant work on p iCtes . ~~ - ~~ . a. veU
and spherical shall . have baen inv.etigat.d in some as shall . , 

~ 
- 1, it has be en shown that elastic near-

deta il . It is shown that the angular variations are tip field, or. ~‘f e different na ture if shear defor.e-
tb. sea. as for gener ali zed piane •atre.. plate prob - tion I. explicitly exclud ed .
I a .  h Ousing small-scale y ta lding a path - Lode- Deforuation thaory was isad by Hutchinson ,~Q end
pendant inte gr al , which La valid In a region clos, to Rice and Ro.,ngren j~ to analyse the near -tip fi stis
the crack edge , I, used to connect the nonlinear for pure stretching of * cracked sheet. £xt ens ion. to
near-tip field, with the c orrespondi ng singular parts bend ing of a flat plate , in a formulation which in-
of the linear fields. It is shown that th, nonlinear d ud., transverse shear , were investigated by Achen ’
benevior signi fi cantly effect. the through-the-th ick- bach and Bubenik j~. liars we further extend the ‘a-
ness variations of th, near -tip fields. The singu- .ults of ,J~ ,~

j  to through-crsck . In shells.
tar parts of the ~~~brlne st?essss tend to become Deformation theory is not valid for unloading .
sore uniform through the thickness of the shell with and con.equencly the reau lts epp ly only when the
stronger strain hardening, stresses are t.nail. throughout the thickness of he

shall. Hence we can consider externa l toads which
(‘l~~~IJC~~oM ~tva rise to banding and scra tch ing, ~ut the stret ch .

ing mus t be dominant in order that the results of this
A considerable oody of literat ure ex is t ,  on the paper will be va lid. We also restrict the attent io n

computation of the ~ieids of stress and deformatio n to ‘lode-I near-tip field.. The tran sverse norma l
near a through-crack In a shell. Most if this work stress Is neglected in the stress-str ain law , which
ha. been sotivated by applications in pressur, vessel Implies that isa solution, are valid only for thin
technology . The publ ished ana l y t ical wor k ~e gener- she il a. Roth spherical snd shall ow she ila are treated
ally based on classical shell theory in which tra sia- in some detail. The non- linear near-tip fie lds are

I
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related to the ~ irrespesdl ng linear ‘ta~Js  iv * path - equati ~n. ~oqs s~ Js r.” , o In addition we Conside r tip
independen t integral. shalLow shells end spherical •05 .5. b r  .vn~~.’ ‘P.

extension and bead ing dIsp1 ac~~~n t s are n~ .- p . c
Ct~~~l’tTV’TtV! ~EI—i~~~~ This provides further s Lepl l ficatio n s -e so ,

ever inc lude tt aa.verse sneer 1sf r..etiU. wh ic h. as
S imi Larly to th e studies of ia-plane ia f orma - ia. bee s sa~~~ b i t  plate. e.d .ne4.~.. see 5 $ C~~f~t ins reported in ~e ts and 3j. the simplest 4.- - is necessar y for cons istent ...is .

f ormation theory with I tneariaed screts—disp lace’ or lInear Ii e ast Ic beh avior ‘ii ge~.ra ‘Im
went relation. wil l is iin,ed . It I, assumed that ‘ I  ear .tlp fields t,,r ~ra cas is sbeil.,w shel ls ‘iss
th. p lastic deformation ~s inc ampTeseible , end that bee, investigated see a g Ref ~ The results of
th. plastic str ain, e~ • and the stress,.. Ret. 

~ 
have bees obtained os he nes i .  ~f ‘ e .aaus l

are related iv a.ai~~~t ion :or the displec emsec variation threugh
the thickness of the sh el l, i s -n-i• ~ C(G,~ 

~~ —ui~
Jl.32 .s )  

~~~~~~~~ ‘ i’~~l ’~ 2)where ~~ is the strea. deviator

- ~~~ 
~~, 

(2) 
v(e1,52 ,a) — ~~~~ ~ 2

where I • 1.2 1. a polar c oordinate system - .and the ‘ e;f ecc iv , ” stres s is de fined as ceetared at the crack tip, the N 4,—I ~ear ’ t ip
f ields are thee of the for.

a
-s (r ,d) • U (S) r~ ‘.0 %Zn £q.(t) n ta the power hardening ~oefftcient aDd Cis a mater iel c onstant . The stresses nave been lion- II 

~ll)
S (t o) • a U (I) rdt.senaionaliaed iv a yte ld atr eaa ~ tad lie st~eins ‘r

have been normal i~ed w i t h  respec t to the correspond - where v • r , •. The tra nsverse d isplacement is oflag yiald strain T !. where £ ~s the initial slope it higher order in r . iaa.ly.the st res s-a t rai n curve for one-d imensional stress
The iondnsas t tare. in the stre s se, and stra i ns v hr . 0) • 0(r 3’2 % (121

in the vicinity of a crack tip ar, governed iv the
Ia £q .(ll). B is a cons tant, whit.nonlinear relation £q . ( l ) .  Coastd.riag the case of

ganerat ised ,lane stress , i .e.,  
~ e ‘~(l • v ) :(2~ — l ~ coe(I /2) - ~~~~~ :: (13)

P33 
• ~~ a v ) c - i a Ii stn~i 21 • .in(3.-:): (L b

and teking into account that the defotmation in the
nonlinear range is inc~~~resei bl.. i .e . ,  where a ii Poisson ’ s ratio , and * is the pleas-stress

constant• 0 , c l )
pa 

‘1)!q.(l) can be inverted to yield I •

• C t
~~ ~

(t_n)/n 
‘Il • ~22 > ~~~ (6) 

for a shell of arbitrary ~but saooth) curvat re ,
and 1s conet irutive behavior according to deforma-
tion theory , it say be assumed that analogously towhere the linearly elastic results for shallow shells ~tve n
bp Iqe.’, lO)-( l2) . in the vicinity of the crack t~

~ 
‘iJ ~ij 

‘ is again an order or magnitud, higher in r than ti e

Equat ion (6) dnf tn e s the co nst itu tive relatio n in-plane displac ements. Consequent ly the third t ar n
in both Eq.(~ 3) and (‘1.) ma, be ignored . as well asfor power-law strain hardening which u-Ill ba used in the te rms containing the stresses and inthis paper. This consti tut ive relation is , of !qs. ~~ 6~ and ~~~~~~~ All terea in t q ’5 - ‘B) all ofcourse , really a nonlinear elastic ,tre .s-s t? ain higher order , and Eq.t ’31 do es, therefore not enterrelat ion ; to represent plastic yielding it can there- 
in the prea.nt considerations.fore only be used when the crack tip region is being Since the dominant te rms to lqs .( 3~ - ( “)moootonically loaded , 
still contain A1 and A it will be best to consIder
specific cases. Here 3. consider s hal low she i t s  andasfle’tattc AfIALXSIS 01 IIEAS-TIP FIElD S
spherical she l ls. For a sp heri cal shell we have

For referenc e purposes the strain-displacement
relsttons and the equilibrium equations Lot an ft 2 — ft (16)
arbitrary shell  elsaent are stated in the Appendtz .

and polar c oord inates tr ,i) in the mid-pLane defineWe asaime that the., equations are also valid in the orthogona l line, of principa l curva ture. 1 ~oltow sL~~.diace vicinity of a crack tip. The stresses and from tqs.(’O) and Cl) thatstrain , are related b, the nonlinear conatit uti we
relat ions for deformation theory wh ich were p-re-
sented in the prev ious section. • 1 . A 2 — t aini r R’b r (I”

The asymptotic analyst, of the near-tip fieldS For a shallow shell we haveis based on an assu med separation-of-variables form
of the near-tip displac ements. In the subsequent 

I * — 1 + 1 ~l8)substitutions of these displac ement expressions into
th. .trsin-displace.ent relations, the conetitutive
relat ions and the equilibrium equations only the end since curvature ef f ects are neglected in the
dominant terms are retained , which simplifies these stretn -dlspl acs ssenc relattosta , r and can also ~s

2
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s.d a. o.,.r ii ~,ei ea , with t , anO A~ d ined liv ?ss’ both ipherIs a , and • P 1 i .’w shells ~~i • l . t
Eq. t l ’) .  iton oc is ( $ 1  — r i) 1 late ia I ’tt — (“1 is is

Anaiog.ualv to ii l~.’esr lv eI asti ~ ca se us low th e b.sliovtng s e a  t~~.,, s fo r — ) $)  asW
. on s ld ar the fo llow ing as,uptoticaltv - a . i d  es’ ,p- L ’ e
~rssst.,n a for tie near-tip Jisptaa e.ents :or s.aL.r - wSien li e tern. of .‘rd.r r at.

~a l  ‘eh*v t ’ r  eccJtdiOl to deformation 1)1.01 
(0. _a t)  “r i’s • 

3’)
a • C i’ U (9) t~ s (19)
r S : •~~~~~~~~~- 1~~~: • 0  3$)

— C ‘c ’ .3~~s 0 )  ) , g I i20) .~ I’ ~

The in e r t ia ;er~. do so t .eter In the.. equati on s
w — 3 121’  a b cs th e, its of order t ’ t  “a dependence on

‘Is c onst ant C i s the s ame as the -‘ste which appear. case d . becau ae lie I nc to ns dependence bs lie sme
in the 000etitut iv, re Ia t t , ~n. tq.C1 ). ‘is function ‘~~ li5 sad ). ‘~~ ter m s co l lected , 14s - ~~

‘ I

f~ s ’ , which seed not I .  linear in I ,  Is pOettiv in .~-svei’iiing a~uat io ns fo r .3 a ’  end a,C I)  are ii-
accordance with th, requirement that no unloading t a m ed by s s i ’ sc i tu t t ng  ti e sqs ~ t iouts t ar EM. stresses.
occurs t e a  cr ,aa-sectioqs.i area lie purpose of ~~ )l~ - - I I I  into Eqs -i)” and 19’ , We fInd
the enalvsie is to determine ~~~~~ ‘ .5) and p • I .

Subst itution at ~l9) • t 2 l~ into r e  st teln - p ’t’ .*.Zp~ “~ 
(p-I1 (p.’i ’ ~9 1 -s

.bisp lec~~~nt relation. (‘3) - .,‘h’  y ields for
Shelby she l l s  • • ) _ *•)• l U • • .t ’’ ’ • 0

S r • C fla ’ r~
’t •lP l~~~ 

£(;.2p l ’ 
~~~~~~~~~~~ ~

.p
~~)

’ 
~~~~~~

• C En ,~ • .3 , f ( a )  r~
” 1 

~. ‘3’  — (p—i ) -; 11 ’  — .3

I .i - - p-I These equations “etli, that the assumed displacemen t
• -r C ‘~ .3 

~~~ 
• .p~ l1 .~~~~~~ ) t , . 1 r b l  distributions (li’ - t,2l’ cal 1~ “isisca su r s s i s

ha governing equations - ‘~~‘ ~nd •~‘‘ ar e t4e ,,tt ~~s.For aoh4rtcak shells we ~l.nd to tho ee i .’c bend ing a t i a t  ~i a t s , ali t ... were d sr’.s- e.i

-l independently In tet. j~. and which in turn were
• C p .‘~~ 9’ ~t i )  t l e * ~ r~ c 2 1 )  sh~~. to  be 14a ’itkc a l to t i c  equat ion s l o t  eatens ion

I p— i ~f 5 ‘Li t p l a t e
“ ‘ ‘~

‘r~°~ 
• ~t O ’ .~ f t .)  I ’ S  R~ i’ ( b I  Equatios a 34 ’  anu •0~ mast a supplemented iv

- ‘1 p-i ‘.ounja ry coOditions . f-sr the present applicatio n , we
‘t a ”! ‘- ‘ ._

r~~~~*I p_ t i U .~
i$) . f t S u t , .t fti ~‘ ~~~ con sider svmeetr-’r rel at ive to 9 • 0 , see i’ig I. I a

n the nex t step f . p s . , ~~
) - t ’’ are subet itu’ • 3 I! t O)  • .3

t e l  Into t i,  express io n. 3. ’r the s t r esses , t rac  are 4
gIven iv Eq .~.P1 , to yield “ -sr t,’t. -l oslnant tern. In addttt.’n the l aces of t he . r a c c  are free of

str esses , t e~
— t F(s) ~ ~4l r IP” b l  II

r ~~~~~~~~~~~ ~ ‘‘

• • E L~~~t ’b ) ~~~~~~
1) n B

The sys t .. at equations ) ) 4 )  - i’12’ O s tLn es 5 o~’n-
• m F (s)  

~~~~~~ 
r I

~~~
t)  Ii ( 30) linear e tgsnv a l ue prob lem f- sr L’ 9 5 , and

wh 
Thi s probles cast ‘s solved ,uie.Ficaitv Af ter  s 1 -

era vtng ~ r ‘ ~~~~ m d  ,‘ . , P ’ I , a s~ Iotic n I .  .-btiirisd iv

8) — 
- a ‘ ‘ - . ~~~‘~~- s1  1 using a o , ’~~’ent i . ’nat f ’urth’’r .ler tunge ’ i.i t ta aethod

3 ~ i 
I.’t~~t I— C ~~‘ ‘ with variable starsin. . Th is  .‘ r . ’v ad re i s  porf.’reed

I- • . , - 1l~~~l~ n fr os I — .3 to 9 • n, Either -~ ‘‘ ‘c : . 3’ can ~e- ,- . ,, . ,~ ,,t C ) ‘i~~ ’~ cro sen ar iicr a rt s- due to the ~ ‘5l )gs~ier’Ua and equt ’
- ,  - ~~~~ 

.
~ 

dimensional ~s t i r s  .‘t the governing equati on s ‘.
• 3 ip -l ) t7~ t0). tE i1 t 3 3 l  remaining Initial condition and p eust I’. oli ’sa~i t o

meet the boundary conditions at C — ‘ . The coeff i ’
and ~ ts defined by ciant p can , however, also l’s stat ed a -o t t ,ri iv

2 . requiring ch at  cer tai n inte g rals which VIII a its-
— ‘

~ ~~~ .“*~~ 
~~~~~~~~ 

‘ ‘~~~ ‘‘~~~ • ~~~~~~~ cussed in the next section hove a Itni te . ,,‘n,sr,’

• ! tp •11 ,,2 
* 

,
~ 

,, ,, value right near the c rack edge . Th is requirement
* 9 ~~~~~

- 
~ 

~~- gives

~~~~ a shallow shel l vs have P — + t~
- I lance the pr oblem is c ns td e to t ’ t v  stmo l i t t e d  Is .‘nlv

F(s) — 5 ) s i i  the r emaining Iti t t a l o.ondtt t on -,eei e varied .
te rati. ’n ~s quici or ’s- s i  a ems - sna I l. ~t ,’ss first

cl i i , .  fo r  a iil’qni~ s l shall guess is sa l .  The srr. ,ases and s I n u s  are compul s .
- - .t -

~ 
numerical ls- Iron t i e ui.1’,Aca oe ii ca and th e it i s r t - s ~F(s) — .fts )- (i*~ ~~~ ) bt’~ l i v e s ,  F’r ii • I) . : I~~ and ‘‘ are shown to

A t I other stresse s , as well Is at~ other terms in The co r t s sp - snduo t  s t r a i n s  and stresses are s i .’,. ’
£ 45 . 29 - ) i’’ Ire .‘f hi gher ‘ti er ~aar the na ,, in f ig. 504 ., rea r e c ti”5 ~‘ ‘s ass ren ~i I t s  con-
edge , and the’- an b• isg(.c:ed The .‘rl s t g O l  51 ~ 

pl e c e:v agr ee w ith  r.sul!s ‘( Ref ,~~~~. ;.‘r .‘ I a t a .  in

~ ri :33 - (33) will henceforth a ca l led  tie pure e*t.nston. which were ~~~puted on the ‘ i s t . s  ‘f
stress’tncensitv factor , an A iry stress fu t .ct- u ’n forii~u~ a cu . ’n

I

-

~ 
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~tg .  1 Thro ugh crack ma a th in EMail ..
~~ 

2 Angular variation of ‘ie sr -ti~) J u a p a,...e,,

is noted that the angular var iat ions c om-
puted liar. are valid for stat ic ae well as dvesemic
,roblsms , sinc e In the ‘.‘icin ity at the crack edge
tie userti. terms can be neglec ted as c~~~ered to
the tern, that control the asymptotic considerations I

presented in this $ectlon . 1.0
The stress-intensity f actor  E and the function I -

can of course not re determi ned by asymptotic I

considerati o ns only The, may be determined by ““‘.‘J 9!
conn.cting the -s ear-t ip f ields to the far fie lds. -

F,T the linear ly elastic case the equations for ,

‘1 4 )  and ‘J ,~-,4 ’ are

P
~~~~

)Io:l
~ 

~:L):~~~~~~~~~ + :~:: ::: .~~~~~~~~\ere ~
where x is defined iv Eq.( 13) .  Th, solution to the
elgenvalue prob lem then y ield. p • 1 2 .  and the
angu lar distributions defined by £qs . ( l ) l  and t i 4~ . I

The corresponding stresses ate I 
ITi’

• 4 ( 3  - coil) cos(B.2) 146l’ — “
~~
“ t -

• 1 • coa l) .tos(l )

— ~ .inI c o s ( C/ 2 )  b~ -8~ r
for an incompressible saterial t ’~ — I 23 , ~qs . t . l i1
and ~~5 3 Isirse w ith the equa t ions that are obta i ned I 

~~~~~~ 
-

from !qs. 34 ’  and .is3 ) by setting ts — I.

All !ll ECRAL ct~3l PATh- P NDEN’T PROPEgrIES —l~0 -

The asymptotic results presented in the prey- 
I

ious aectton have to be supplemented by a method to I
compute the stress-Intensity factor E and the func’
lIon fIo ~ . ~ave ral known solutions which inc luda the r. m I i.-igu Ir variation or te ar-t ip strains

I
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.tfs ct of transverse 5)1eat are as a~ IaPle l.’r 1 . -e s ,  lv
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ e l a s t i c  arob t ess , see l . : *  • y In a sect ion

- we sr ss.n t a meth od to compute “ and f Ig~ 
- s-

1.0 Lorn.tion ti.. ’lv trsis is c .’rvCaponding ~ a - .
for i~, e a r I v  e last ic ‘s n avl .r

figure sh ows a she l l ~t r ’ i a through crss . i .
______________ —_ 

- ,,— and a , . sr la~~. A which sic se. . nc .  edge 1’ s
- 

~ ‘“  surra st e .1 ~s ,orwa l to I-. si4~~.,n. ‘I  ‘- ‘ “ e li .
and i ts  ~r,’ ’ .c t ,’o ‘n I?~e ..e . - ‘ 5 - su i  p aula ..

__________________________________________ 
;a ‘~~~ not it. t t t c , u I t  to * .-s that in time vtciniv~of the ~iaca edg e ti e I.’. .~~~i-’IE sur Icc ttca ~ rsI as

- 
- I t he son . -~a lcs  t .,t a , sur~acsa o t  ‘us wi nd ~~

a’r8 i - 
~ •J 5 1 

3 , • 
~~~ 

-~~‘1\n .1, 3:

____________________________ 
h er e i and are either 1, .3 ar 3. where I end
refer to  th. curvilInear ~oocdinat.e sli,.~~ in ru~ I.

77 end 3 refere to a. and Isnot es the strain eoergy
“15” .‘o prove i u s  teature of we ~on stier a auucrac e

‘s ,, ~~~e op ‘( A and A” , and t ’w ,., - v  I uui,irtcal a,,t - I -
l*css A and A, at tie type A, utisne A and A ’ are

I the sur~ace arias between :55 (.‘:srae cct, -ns ot .1,
and A, with the tap and bot tom tic.. on Isa sh el

- 
The 4tuea enc losed by A,,, I., den~ce4 by V , ~o S . ’~

- that

85
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—

- we consider an extension of ~q. .5’ t o Is c I,’a..t
—

~~ 0 — .L ‘urtaca A ,,

— — — J_ ~A , — “ I , 
• ~~ A~ 3A

* Angular variation at near-t ip stress.. An application it ‘ m uss ’ th eorem ~~~~~~

~ 
1q 

‘U 0 u j  3V El’

integration iv l ianta and Ii. ia in  lbs rel a t :ns

‘Il
— • * .5 (( II

‘.a ‘tj  i l  . -

z - I, .) —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ subsequent l y reduces Eq .~ ~2’ to

• J’ q q.t ,,~ ~~~~~ i,,. ~‘ll
A . ~~ 

, -

uimo ce A., • A , • A, • A * A , and sluIc e fo r tracl ..’ss-
:r.e u s d 1 1  f~cai ~)e save

I the resu l t  given by Eq 153 3  f lIo~ a uIr.’v tied t i .~
/

either q • 3
/

or — “1~’
Lb. case • .3 cor respon ds In t i c  .uiusl J - u , t . , r a l
~ot ti y ria-dtt ,ension ai is tcr ts ac uon . a s e i . . I v

• .3 . e y , s t ’t t i  the ~a.edtata ‘- t c m r u t ~- or t ’,e
h o  where : can tnde*d 1’. igi.’rm ,A 1, t ,  is

o~ 1sigber order a~~compared I.’ the .‘cl, sr ac re s -e s
Thus sear hIs s crack. edge ‘

~~ 55 ttv en iv Eq .-~~‘ las
the sane value ~.‘r all sur~ acs , c ’ tie :s’s’e A.

— 
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linearly elsewhere . ~e s..’u mAke the a.i4l~~~’ .s n a l  _________________________________________ - —

as..~~ tLon of a.. Il - s c a l e  .‘teld inq . to - sIfln%C~ t the
noelineat fields to th, singular ‘ a r t,  a t  t i e  - u ;sesr 3
11.1.1. “ m a the integral !i giveA ov ~~ 

.1: - .hiut’ 10  — ‘us v a l _ J  f o r both the lInear end sonlu.~aar tielja
el asa to ti e crack t ip Thss we can tans two cir I 

~~~~~~~~.uu1a r cy l i ndr i cal surfaces A , aad A, cen tere d at tIu s - — —c r a ca  edge. and p loy ti e n uinh inea l r e s u l t .  of this
paper to c ompute •,~, 

and ti, correspond ing I tul ea r ( , 0

results to compute The coefficient u - i Eq ‘ - -

1
‘.‘~ ‘~ is ‘sowever an arbitrary .rstsger , which implies -

t hat — . - — .-

J(s) - - SCs I (3m ) ‘ /nonl inear tLne*r ,.~ — - - -Ifor a contour sear the creak tip, where “#

J u l  — .
~~~, 

— 

~~ 
-~~] n,~ J’1 $ .

, 
.

The integral .t f s l i s it t im e s ame for as the usual
J’int.gral. :~ depends. however, on s to a manner -5— • ~ -~ ‘~~~~~~~~~ ‘ -

prescribed by the particular sh e ll theory . -
‘or th I .ionlinear f ield JiS gives for apliert-

c c .  she l ls ,

I • - ‘ - 
4 1 1 t~~ n

1 13 ’l a 
i b l ’  

— 1  0 5 1
and to,’ ,~~s L l o w  shells .

- - l.a I  . r 1i1-.n~ a.1a - 1t a )j

where 1 Is ‘ us t th e s~~~ as defined to Rat ,~,Q and
f ig .  n Thr o ug h—the-c: u .wn ess  var iat ion or  tti a near .

— 
— tip displacements in a shallow s is l I

• 5 j ,.2— s~~l co s o - sits’4 2 - ‘ 1 ’ . - - ‘ - .1 ~‘.t ..*i 11
- • 

.1 ~ I ~‘ The corresponding expression t,’r ,nall ,’u sh e ll s us
den t t c a l  to the above when ft is set equal to

- p coed : L’ .~~~~~~’ I
,} 

3d th33 u.Sf l, n i t v

where 1. and - ,_ are defined by ~qs -3 1 3 and (331 ‘.‘r • 0. ’. curves I,’r is. aloplace m. ’st. and
In Eq. ~i1 ..‘~~ave a lso s.d that strasses corr .spondtrs t to I - s  , are show’s n

4 4 5  6 — 0 $ i g s  ‘, and - o re tM’ s~ a llow sne. a
: • E F’ s~ t4~ t ’

~~~~~ 
~ ‘.51111 tie coefficient ., choasa as 1 , 3 and 13 f i gs

4 end -~ are 1..’r spherical sis s Il s uai th is equal to 3
is an example , we cons ider ti , case whets :3,. elastic arid t equal to 3, ‘ and t o i ’s , ’s i t v  li is., c urves
‘Isear-tip displacements irs .tnesrly distributed , i .i a and i are nsoraaliaed w tt h tssu’e ct to ‘n,-hal ~ 1

the shell thicktieae,
Itsear • • f~ o l 

~: ines r — 1 * It us noteworthy that tie :Srough- the- : huc .s . ss
dIstribution of the s t resses  becom e s ‘sore .$nt:,’vn, - - r

!,re us a t,unctton of both t ie anplt ed bendi ng and s ’rorl ger stra i n hardening . I a. - for sigher -ml u.s
s * tenst i ’ s  ‘.~ ais . see toy example R e t . ‘ fty -su ng ,.~ is . as sh own in FIg . ‘ , The lnt lu encs of .tuni’at- ~r s
Eq ‘sE ’  tie i- integral team be evaluated as on th, through-the-thickness distributions appears to

b e relatively s~~ Ll , at :.est fo r sp h erica l she ll , ,
2 -~~ ‘p1 as can ~e seen from ‘igs. 3 and ‘.I ( i )  Linear • ~~ ~l • .R’ (66)

- C.3$CU.IDIEIG CC*I~ 30?
where 1 , o t is linear st re ss - ist e n s i t ’, lac to ,’

t~, .b6~ and hIE or nI’ yields In this paper deformation theory was applied to
- s - ” L ’  r.presant olastic ,lefora*tton at the hip of a

-~ — 
~~

—

~~

———] crack in a thell , ahets hIss effect ‘r thano ’-snse
shear ierot ation was InGiuded in the an a ly sts The

sad , aft er an expansion for smell 0 , ‘ns a find s ~~ 
plastic 3e~ -,rmacu~”n tn the ‘lear -tip vegiofl was I.’

spherical she lls , laced to the c. rrssponding I1.i sarl’ ,’ elastic lst.’nna-
tion via c path-independen t Is t agral Thus. inst .

f I s h  • I • 
~~~

‘
~
‘ 12n • £ • the elast ic Ita lic . unich are repre s en t ed iv t he

stresp-mn tens it-v factor. isv. hasp tonputed , the
- - ,

~~,
‘
,,, ~J n - ~ l -n ’ ~ - Li method .‘f  ‘his paper can he u sed to .osss ’ut s t .’r

-i -sAL s-. l ~pj 
I example. -s ear-t ip pl a st i c sInai, :, Th.se s t r o l l ,  :515

p. . , .i, then ‘s related t o  a Iract iur . cr i ter ion , ‘- t e lli n g a
- 

- ..-‘s ’ f inal result which Ii c oci p latels - us terms ‘1 liss an ’-_ ‘5 n i  
elastic ,‘s~ult i, a5 is consistent sait h ,o’cll-sc al .

is
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Th, strain-displacement relations can he fountd
in, books on shell t heory, see e.g. Ref. ,~~~ , n 25.
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